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ABSTRACT
The mathematics of a 4-dimensional renormalizable generally covariant
lagrangian model (with first order derivatives) is reviewed. The lorentzian CR
manifolds are totally real submanifolds of 4(complex)-dimensional complex
manifolds determined by four special conditions. The defining tetrad permits
the definition of a class of lorentzian metrics which admit two geodetic and
shear free congruences. These metrics permit the classification of the
structures using the Weyl tensor and the Flaherty pseudo-complex structure.
The Cartan procedure permits the definition of three relative invariants and
the osculation of the generic lorentzian CR structures with the U(2) manifold.
Two hypersurface-type 3-dimensional CR structures, related with a parametric
anti-holomorphic relation, consist a lorentzian CR structure. An osculation on
the basis of the SU(2,2) group reveals the Poincare´ group, which may be
identified with the observed group in nature. This possibility may differentiate
the lorentzian CR manifolds into realizable particle-like and non-realizable
unparticles. Examples of static axially symmetric lorentzian CR structures are
computed. For every lorentzian CR manifold, a class of Kaehler metrics in the
ambient complex manifold is found, which induce the class of compatible
lorentzian metrics on the submanifold. Then the lorentzian CR manifold
becomes a lagrangian submanifold in the corresponding ambient (Kaehler)
symplectic manifold. In this context the lorentzian CR manifolds may be
considered as dynamical processes in the view of the Einstein-Infeld-Hofman
derivation of the equations of motion, which may provide an interaction
picture analogous to the splitting and merging of 2-dimensional surfaces in
String Field Theory.
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1 INTRODUCTION
Einstein’s theory of relativity is based on the riemannian geometry, assuming
the metric tensor gµν as its fundamental dynamical variable. But it is actually
well known that the conventional quantization of the Einstein-Hamilton action
does not imply a self-consistent quantum field theory of gravity. Many years
ago, trying to transfer in four dimensions the metric independence property of
the linearized string action[5]
IS =
1
2
∫
d2ξ
√−γ γαβ ∂αXµ∂βXνηµν =
∫
d2z ∂0X
µ∂0˜X
νηµν (1.1)
I found the following four dimensional special Yang-Mills action[9]
IG =
1
2
∫
d4z det(gαα˜) g
αβ˜gγδ˜FjαγFjβ˜δ˜ + c. conj. =
∫
d4z Fj01Fj0˜1˜ + c. c.
Fjab = ∂aAjb − ∂aAjb − γ fjikAiaAkb
(1.2)
which does not depend on the metric. I call this lagrangian model quantum
cosmodynamic. But there is an essential difference between the two and four
dimensional cases. In two dimensions any orientable surface admits a metric,
which takes the form ds2 = 2dz0dz0˜. In four dimensions a metric takes the
convenient form ds2 = 2g
αβ˜
dzαdzβ˜, if it admits two geodetic and shear free
null congruences. This restricts the spacetimes to a special kind of totally real
submanifolds[1] of a complex manifold, which I will call lorentzian CR manifolds
(LCR-manifold). This metric independence makes the quantum cosmodynamic
model formally renormalizable. I think that it is the unique known generally
covariant renormalizable model with first order derivatives in four dimensions.
In this paper I will review the mathematical properties of these LCR-manifolds
in order to make the problems of the quantum cosmodynamic model more com-
prehensive to mathematicians. A review of the physical picture of the model is
given elsewhere[9].
In the context of the Newman-Penrose (NP) formalism in General relativity
we usually work with the tangent space basis (tetrad) (ℓµ∂µ , n
µ∂µ , m
µ∂µ , m
µ∂µ),
where the first two are real, the third one is complex and the forth one is the
complex conjugate of the third vector, as the notation indicates. The following
commutation relations define the NP coefficients
[ℓµ∂µ , n
ν∂ν ] = −(γ + γ)ℓρ∂ρ − (ε+ ε)nρ∂ρ + (τ + π)mρ∂ρ + (τ + π)mρ∂ρ
[ℓµ∂µ , m
ν∂ν ] = (π − α− β)ℓρ∂ρ − κnρ∂ρ + (ρ+ ε− ε)mρ∂ρ + σmρ∂ρ
[nµ∂µ , m
ν∂ν ] = νℓ
ρ∂ρ + (α+ β − τ )nρ∂ρ + (γ − γ − µ)mρ∂ρ − λmρ∂ρ
[mµ∂µ , m
ν∂ν ] = (µ− µ)ℓρ∂ρ + (ρ− ρ)nρ∂ρ + (β − α)mρ∂ρ + (α− β)mρ∂ρ
(1.3)
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The corresponding basis of the cotangent space (ℓ , n , m , m) is defined via
the relations
ℓµnµ = 1 , m
νmν = −1 , all other contractions vanish (1.4)
I point out that I have not yet introduced any metric. The CR structure does
not need the notion of the metric. The conditions (1.4) are implied by properly
inverting the 4×4 matrix (ℓµ , nµ , mµ , mµ). Then one can find the following
differential forms
dℓ = −(ε+ ε)ℓ ∧ n+ (α+ β − τ)ℓ ∧m+ (α+ β − τ )ℓ ∧m−
−κn ∧m− κn ∧m+ (ρ− ρ)m ∧m
dn = −(γ + γ)ℓ ∧ n+ νℓ ∧m+ νℓ ∧m+ (π − α− β)n ∧m+
+(π − α− β)n ∧m+ (µ− µ)m ∧m
dm = −(τ + π)ℓ ∧ n+ (γ − γ + µ)ℓ ∧m+ λℓ ∧m+
+(ε− ε− ρ)n ∧m− σn ∧m+ (β − α)m ∧m
(1.5)
DEFINITION: A regular tetrad (det(eaµ) 6= 0, ∞) satisfying the relations
κ = σ = λ = ν = 0 defines a lorentzian CR structure (LCR-structure). Then
we will say that the corresponding manifold admits a LCR-structure and it will
be called lorentzian CR manifold (LCR-manifold).
Using the tetrad, the LCR-structure conditions take the form
(ℓµmν − ℓνmµ)(∂µℓν) = 0 , (ℓµmν − ℓνmµ)(∂µmν) = 0
(nµmν − nνmµ)(∂µnν) = 0 , (nµmν − nνmµ)(∂µmν) = 0
(1.6)
Then Frobenius theorem states that there are four independent complex func-
tions (zα, zα˜), α = 0, 1 , such that
dzα = fα ℓµdx
µ + hα mµdx
µ , dzα˜ = fα˜ nµdx
µ + hα˜ mµdx
µ
ℓ = ℓαdz
α , m = mαdz
α
n = nα˜dz
α˜ , m = mα˜dz
α˜
(1.7)
This LCR-structure is called realizable or embedable. A real analytic LCR-
manifold is always realizable. I do not actually know whether there are non-
realizable LCR-manifolds.
The reality conditions of the tetrad imply that the structure coordinates
zb = (zα, zα˜), α = 0, 1 satisfy the relations
4
dz0 ∧ dz1 ∧ dz0 ∧ dz1 = 0
dz0˜ ∧ dz1˜ ∧ dz0 ∧ dz1 = 0
dz0˜ ∧ dz1˜ ∧ dz0˜ ∧ dz1˜ = 0
dz0 ∧ dz1 ∧ dz0˜ ∧ dz1˜ 6= 0
(1.8)
that is, there are two real functions ρ11 , ρ22 and a complex one ρ12, such that
ρ11(z
α, zα) = 0 , ρ12
(
zα, zα˜
)
= 0 , ρ22
(
zα˜, zα˜
)
= 0
∂ρij
∂zb
6= 0 6= ∂ρij
∂zb
(1.9)
According to the conventional terminology, the manifold is locally a totally real
submanifold of C4. These relations and the complex structure of the ambient
manifold determine a LCR-structure on the 4-dimensional manifold. Notice
that the defining functions do not depend on all the structure coordinates.
The precise dependence of the defining functions on the structure coordinates
characterizes the LCR-structure from the general definition of a totally real
submanifold of C4.
The four functions zb ≡ (zα, zα˜), α = 0, 1 are the structure coordinates
of the (integrable) complex structure. The holomorphic transformations which
preserve the LCR-structure are
z′α = fα(zβ) , z′α˜ = f α˜(zβ˜) (1.10)
I point out that the general holomorphic transformations z′b = f b(zc) do not
preserve the LCR-structure!
The inverse procedure to find a tetrad (ℓ , n , m , m) from the defining
conditions (1.9) is straightforward. It is convenient to use the notation ∂′f =
∂f
∂zα
dzα and ∂′′f = ∂f
∂zα˜
dzα˜. Because of dρij = 0 and the special dependence of
each function on the structure coordinates
(
zα, zα˜
)
, we find[?]
ℓ = 2i∂ρ11 = 2i∂
′ρ11 = i(∂
′ − ∂′)ρ11 = −2i∂ρ11
n = 2i∂ρ22 = 2i∂
′′ρ22 = i(∂
′′ − ∂′′)ρ22 = −2i∂′′ρ22
m1 = 2i∂
ρ
12
+ρ
12
2 = i(∂
′ + ∂′′ − ∂′ − ∂′′)ρ12+ρ122
m2 = 2i∂
ρ
12
−ρ
12
2i = i(∂
′ + ∂′′ − ∂′ − ∂′′)ρ12−ρ122i
(1.11)
where we consider all these forms restricted on the defined submanifold, there-
fore they are real. The relations become simpler, if we use the complex form
m = m1 + im2 = 2i∂′ρ12 = −2i∂′′ρ12 = i(∂′ − ∂′′)ρ12 (1.12)
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In the next subsection, the typical example of the Kerr-Newman LCR-
structure will be presented. In section II, the first three relative invariants
of the LCR-structure will be defined. In the case of non-vanishing relative in-
variants, the LCR-structure is determined by two real and one complex vector
fields. It will also become clear that the static spherically symmetric spacetimes
have trivial LCR-structures. In sections III and IV, we present classifications
of the LCR-structures based on a regular compatible metric and the Flaherty
pseudo-complex structure. In section V we show that a parameter dependent
antiholomorphic transformation of a 3-dimensional CR structure defines a LCR-
structure. In section VI an osculation of the LCR-structure is written down
using the homogeneous coordinates of the G2,2 grassmannian manifold. This
reveals the Poincare´ group. In section VII, we use these Poincare´ transforma-
tions to find static axially symmetric LCR-manifolds. In section VIII, I find a
class of Kaehler metrics in the ambient complex manifold, which induce com-
patible metrics on the submanifold. The LCR-submanifold is a lagrangian sub-
manifold relative to the corresponding Kaehler 2-form. Using the properties of
path(functional)-integral quantization of the LCR-structure dependent action,
we try, in section IX, to formulate an interacting quantum theory of LCR-
manifolds, analogous to the interacting String Field Theory of 2-dimensional
surfaces.
1.1 The Kerr-Newman LCR-structure
The spacetimes with two geodetic and shear free null congruences are typical
examples of LCR-manifolds. The flat spacetime tetrad
Lµ∂µ = ∂t + ∂r
Nµ∂µ =
r2+a2
2(r2+a2 cos2 θ)
(
∂t − ∂r + 2ar2+a2 ∂ϕ
)
Mµ∂µ =
1√
2(r+ia cos θ)
(
ia sin θ∂t + ∂θ +
i
sin θ∂ϕ
) (1.13)
and its corresponding covariant form
Lµdx
µ = dt− dr − a sin2 θ dϕ
Nµdx
µ = r
2+a2
2(r2+a2 cos2 θ) [dt+
r2+2a2 cos2 θ−a2
r2+a2 dr − a sin2 θ dϕ]
Mµdx
µ = −1√
2(r+ia cos θ)
[−ia sin θ (dt− dr) + (r2 + a2 cos2 θ)dθ+
+i sin θ(r2 + a2)dϕ]
(1.14)
determine a LCR-structure. This definition implies that the structure is singular
on the cylinder r = 0, θ = π2 . We will see below that a more appropriate
definition shows that this singularity is artificial, depending on the structure
coordinates of the ambient complex manifold. Using the Kerr-Schild ansatz, we
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can find the following curved spacetime LCR-structure
ℓµ = Lµ , mµ =Mµ , nµ = Nµ +
h(r)
2(r2+a2 cos2 θ) Lµ
ℓµ = Lµ , mµ =Mµ , nµ = Nµ − h(r)2(r2+a2 cos2 θ) Lµ
(1.15)
where h(r) is an arbitrary function, which gives a regular spacetime. I will
call it Kerr-Newman LCR-structure because h(r) = −2mr + e2 gives the Kerr-
Newman spacetime. The structure coordinates of the curved complex structure
are
z0 = t− r + ia cos θ − ia , z1 = eiϕ tan θ2
z0˜ = t+ r − ia cos θ + ia− 2f1 , z1˜ = − r+iar−ia e2iaf2 e−iϕ tan θ2
(1.16)
where the two new functions are
f1(r) =
∫
h
r2 + a2 + h
dr , f2(r) =
∫
h
(r2 + a2 + h)(r2 + a2)
dr (1.17)
The following relations give the Newman-Penrose spin coefficients
α = 14 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]
β = 14 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]
γ = 14 [(nm∂m)− (nm∂m)− (mm∂n) + 2(ℓn∂n)]
ε = 14 [(ℓm∂m)− (ℓm∂m)− (mm∂ℓ) + 2(ℓn∂ℓ)]
µ = − 12 [(mm∂n) + (nm∂m) + (nm∂m)]
π = 12 [(ℓn∂m)− (nm∂ℓ)− (ℓm∂n)]
ρ = 12 [(ℓm∂m) + (ℓm∂m)− (mm∂ℓ)]
τ = 12 [(nm∂ℓ) + (ℓm∂n) + (ℓn∂m)]
κ = (ℓm∂ℓ) , σ = (ℓm∂m)
ν = −(nm∂n) , λ = −(nm∂m)
(1.18)
where the symbols (...) are constructed according to the rule of the following
example (ℓm∂n) = (ℓµmν − ℓνmµ)(∂µnν). These symbols can be directly com-
puted
(ℓn∂ℓ) = 0 , (ℓm∂ℓ) = 0 , (nm∂ℓ) =
√
2a2 cos θ sin θ
(r+ia cos θ)(r2+a2 cos2 θ)
(mm∂ℓ) = 2ia cos θ(r2+a2 cos2 θ) , (ℓn∂n) =
−2ra2 sin2 θ′−2rh+(r2+a2 cos2 θ)h
2(r2+a2 cos2 θ)2
(ℓm∂n) = 0 , (nm∂n) = 0 , (mm∂n) = i(r
2+a2+h)a cos θ
(r2+a2 cos2 θ)2
(ℓn∂m) = −i
√
2ar sin θ
(r+ia cos θ)(r2+a2 cos2 θ) , (ℓm∂m) = 0 , (ℓm∂m) =
−1
r−ia cos θ
(nm∂m) = 0 , (nm∂m) = r
2+a2+h
2(r−ia cos θ)(r2+a2 cos2 θ)
(mm∂m) = − r cos θ+ia√
2 sin θ (r+ia cos θ)2
(1.19)
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as the first step to the computation of the NP spin coefficients of this null
tetrad in the Lindquist coordinates
α = ia(1+sin
2 θ)−r cos θ
2
√
2 sin θ (r−ia cos θ)2 , β =
cos θ
2
√
2 sin θ (r+ia cos θ)
γ = − a2+iar cos θ+h2(r+ia cos θ)(r−ia cos θ)2 + h
′
4(r+ia cos θ)(r−ia cos θ) , ε = 0
µ = − r2+a2+h2(r+ia cos θ)(r−ia cos θ)2 , π = ia sin θ√2(r−ia cos θ)2
ρ = − 1
r−ia cos θ , τ = − ia sin θ√2(r+ia cos θ)(r−ia cos θ)
κ = 0 , σ = 0 , ν = 0 , λ = 0
(1.20)
We will use the Kerr-Newman LCR manifold as an example for a better under-
standing of the properties of LCR-manifolds.
2 RELATIVE INVARIANTS OF LCR-STRUCTURES
Applying the conditions κ = σ = λ = ν = 0 to the relations (1.5) we find that
the LCR-structure is determined by
dℓ = Z1 ∧ ℓ+ (ρ− ρ)m ∧m
dn = Z2 ∧ n+ (µ− µ)m ∧m
dm = Z ∧m− (τ + π)ℓ ∧ n
(2.1)
where
Z1µ = (θ1 + µ+ µ)ℓµ + (ε+ ε)nµ − (α + β − τ )mµ−
−(α+ β − τ )mµ
Z2µ = −(γ + γ)ℓµ + (θ2 − ρ− ρ)nµ − (π − α− β)mµ−
−(π − α− β)mµ
Zµ = (γ − γ + µ)ℓµ + (ε− ε− ρ)nµ − (θ3 + π − τ )mµ−
−(β − α)mµ
(2.2)
with the functions θ1 , θ2 , θ3 a´ priori arbitrary. Because of this particular form
(2.1) we can complexify the coordinates, apply (holomorphic) Frobenius theorem
and define the structure coordinates in the case of real analytic functions.
The integrability conditions (1.6) of the LCR-structure are invariant under
the transformations
ℓ′µ = Λℓµ , ℓ
′µ = 1
N
ℓµ
n′µ = Nnµ , n
′µ = 1Λn
µ
m′µ =Mmµ , m
′µ = 1
M
mµ
(2.3)
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which we will call tetrad-Weyl transformations. Under these transformations
the NP spin coefficients transform as follows
α′ = 1
M
α+ M M−ΛN4MΛN (τ + π) +
1
4M δ ln
Λ
NM
2
β′ = 1
M
β + M M−ΛN
4MΛN
(τ + π) + 1
4M
δ ln ΛM
2
N
γ′ = 1Λγ +
M M−ΛN
4M MΛ
(µ− µ) + 14Λ∆ ln MN2M
ε′ = 1
N
ε+ M M−ΛN
4M MN
(ρ− ρ) + 14ND ln MΛ
2
M
µ′ = 12Λ (µ+ µ) +
N
2M M
(µ− µ) + 12Λ∆ ln(M M)
ρ′ = 12N (ρ+ ρ) +
Λ
2M M
(ρ− ρ)− 12ND ln(M M)
π′ = M2ΛN (π + τ) +
1
2M (π − τ ) + 12M δ ln(ΛN)
τ ′ = M2ΛN (τ + π) +
1
2M
(τ − π)− 1
2M
δ ln(ΛN)
κ′ = Λ
NM
κ , σ′ = M
NM
σ
ν′ = NΛM ν , λ
′ = MΛM λ
(2.4)
We see that the following relations
ρ′ − ρ′ = Λ
MM
(ρ− ρ)
µ′ − µ′ = N
MM
(µ− µ)
τ ′ + π′ = MΛN (τ + π)
(2.5)
establish the corresponding quantities as relative invariants of the LCR-structure.
That is, the LCR-structures are characterized by the annihilation or not of these
three quantities. A LCR-structure with vanishing one of these three quantities
is not equivalent with a LCR-structure with non-vanishing the same quantity.
In the generic case of LCR-structures with non-vanishing all these three quan-
tities, we can always define the unique normalized tetrad (ℓ , n , m , m) which
has
ρ− ρ = i , µ− µ = −i , τ + π = −1 (2.6)
These LCR-structures will be called generic and the corresponding unique tetrad
normalized.
The Kerr-Newman LCR-structure has
ρ− ρ = −2ia cos θ(r+ia cos θ)(r−ia cos θ)
µ− µ = ia(r2+a2+h) cos θ(r+ia cos θ)2(r−ia cos θ)2
τ + π = − i
√
2ar sin θ
(r+ia cos θ)2(r−ia cos θ)
(2.7)
If a 6= 0 it has non-vanishing all the three relative invariants.
Notice that the vector fields Z1µ , Z2µ , Zµ transform as gauge fields under
the structure preserving transformations (2.3)
Z ′1µ = Z1µ + ∂µ ln Λ , Z
′
2µ = Z2µ + ∂µ lnN
Z ′µ = Zµ + ∂µ lnM
(2.8)
Hence their differential forms
F1 = dZ1 , F2 = dZ2 , F = dZ (2.9)
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are LCR invariant. In the generic case of non vanishing relative invariants, the
gauge transformations are satisfied if
θ1 = n
µ∂µ ln
ρ−ρ
i
, θ2 = ℓ
µ∂µ ln
µ−µ
−i , θ3 = m
µ∂µ ln(−τ − π) (2.10)
In the case of the Kerr-Newman LCR-manifold I find
Z1µ =
√
2a2 sin θ cos θ
(r+ia cos θ)(r−ia cos θ)2mµ +
√
2a2 sin θ cos θ
(r+ia cos θ)2(r−ia cos θ)mµ
Z2µ = (
a2r sin2 θ+rh
(r+ia cos θ)2(r−ia cos θ)2 − h
′
2(r+ia cos θ)(r−ia cos θ))ℓµ+
+( 2r+h
′
r2+a2+h − 2r(r+ia cos θ)(r−ia cos θ) )nµ
Zµ = − a2+r2+h2(r+ia cos θ)(r−ia cos θ)2 ℓµ + 1r−ia cos θnµ − r cos θ+ia√2 sin θ(r+ia cos θ)(r−ia cos θ)mµ−
− r cos θ+ia√
2 sin θ(r+ia cos θ)2
mµ
(2.11)
and the corresponding tetrad-Weyl invariants are the differential forms
F1 = dZ1 =
4ra2 sin θ cos θ
(r2+a2 cos θ)2 dr ∧ dθ
F2 = dZ2 =
4ra2 sin θ cos θ
(r2+a2 cos θ)2 dr ∧ dθ
F = dZ = − 4ra2 sin θ cos θ(r2+a2 cos θ)2 dr ∧ dθ
(2.12)
which do not depend on h(r). This may be an indication that the ”mass” and
the ”charge” of the Kerr-Newman LCR-manifold may not be of local origin.
Notice that the static spherically symmetric spacetimes have vanishing rel-
ative invariants. Hence their LCR-structure is trivial.
I will now show that the LCR-structures with ρ − ρ 6= 0 6= µ − µ can be
Cartan osculated with the U(2) group.
The structure equations of the U(2) group take the following appropriate
form
ω = U−1dU = i
(
ℓ m
m n
)
, dω + ω ∧ ω = 0
dℓ = im ∧m , dn = −im ∧m , dm = i(ℓ− n) ∧m
(2.13)
Notice that it is a LCR-manifold with vanishing third relative invariant τ +
π = 0. Hence the non-degenerate expression (2.1) may be viewed as a Cartan
U(2) osculation of the LCR-structure. Then the U(2)-Cartan curvature of a
general LCR-structure in the (2.6) tetrad-Weyl condition is
Ω = i
(
Z1 ∧ ℓ (Z + iℓ− in) ∧m+ ℓ ∧ n
(Z − iℓ+ in) ∧m+ ℓ ∧ n Z2 ∧ n
)
(2.14)
10
3 WEYL CURVATURE CLASSIFICATIONOF
LCR-STRUCTURES
We already know that the LCR-structure does not uniquely determine the tetrad
(ℓ , n , m , m). It is defined up to a tetrad-Weyl transformation (2.3). Hence
the following real lorentzian metric
gµν = ℓµnν + nµℓν −mµmν −mµmν (3.1)
is not uniquely determined. But the inverse problem of ”how many LCR-
structures are compatible with a regular lorentzian riemannian manifold?”, finds
a very interesting solution.
Taking into account that the integrability conditions of a LCR-structure
coincide with the existence of two geodetic and shear free null congruences ℓµ
and nµ, the problem turns to that of finding the geodetic and shear free null
congruences of a metric gµν . But not all the metrics admit geodetic and shear
free null congruences. Hence not all the metrics are compatible with a LCR-
structure.
Definition: If a null tetrad of a metric gµν satisfies the LCR-structure
conditions κ = σ = λ = ν = 0 , we will say that the corresponding lorentzian
riemannian manifold admits a LCR-structure.
It is well known that the null tetrads of a metric gµν transform between each
other with a Lorentz transformation[2]. We will always consider regular metrics
up to an appropriate coordinate transformation. These metrics always admit
at least one regular null tetrad up to an appropriate coordinate transformation.
This tetrad does not necessarily determine geodetic and shear free congruences.
But the existence of such a regular metric and a regular null tetrad implies that
all the scalar quantities of the riemannian geometry are regular functions. The
vector ℓ′µ of a new null tetrad is related to (ℓ , n , m , m), with the relation
ℓ′µ = ℓµ + bmµ + bmµ + bbnµ (3.2)
where b(x) is a complex function. It is geodetic and shear free if κ′ = σ′ = 0,
which implies the algebraic relation[2]
Ψ′0 = Ψ0 + 4bΨ1 + 6b
2Ψ2 + 4b
3Ψ3 + b
4Ψ4 = 0 (3.3)
The quantities Ψi are the Weyl scalars in the NP formalism determined with the
regular null tetrad. Therefore they must be regular functions on the manifold.
Hence we conclude that a geodetic and shear free null congruence is determined
by a four degree polynomial with regular coefficients. Taking into account that
a LCR-structure is determined by two geodetic and shear free congruences, we
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conclude to the following four cases
Case I : Ψ1 6= 0 , Ψ2 6= 0 , Ψ3 6= 0
Case II : Ψ1 6= 0 , Ψ2 6= 0 , Ψ3 = 0
Case III : Ψ1 6= 0 , Ψ2 = 0 , Ψ3 = 0
Case D : Ψ1 = 0 , Ψ2 6= 0 , Ψ3 = 0
(3.4)
where Ψi , i = 1, 2, 3 are now the non-vanishing Weyl scalars relative to the
tetrad which defines the LCR-structure. If the LCR-structure is compatible
with a conformally flat metric no restriction/classification is imposed. I want to
point out that ”conformal flatness” is not invariant under the tetrad-Weyl trans-
formation (2.3). Therefore this property applies to the larger set of spacetimes
which become flat after a tetrad-Weyl transformation.
4 FLAHERTY’S PSEUDO-COMPLEX STRUC-
TURE
Any real analytic function on a totally real submanifold can be extended to a
holomorphic function on the ambient complex manifold. Applying this property,
the metric (3.1) takes a special form. Using the structure coordinates (zα, zα˜),
α = 0, 1 , the compatible metric gµν takes the form
ds2 = gµνdx
µdxν = 2g
αβ˜
dzαdzβ˜|M (4.1)
where g
αβ˜
are holomorphic functions of the structure coordinates and the last
term is taken on the LCR-manifold. Its extension in the ambient complex
manifold reveals the invariance of the metric under the transformation z′α =
fα(zβ), z′α˜ = f α˜(zβ˜).
In order to describe these covariant transformations, Flaherty introduced[3]
the integrable pseudo-complex (hermitian) structure
J νµ = i(ℓµn
ν − nµℓν −mµmν +mµmν)
J ρµ J
ν
ρ = −δνµ , J ρµ J σν gρσ = gµν
(4.2)
Notice that this complex structure on M , is not a real tensor like the ordinary
complex structure. In this presentation we will not use this notion. We will
stick on the more conventional notion of the CR structure and I will consider
the complex extensions of the metric to the holomorphic metric gab and of
the pseudo-complex structure to the holomorphic tensor J ba , defined in the
ambient complex manifold. In fact, J ba is a second integrable complex structure,
which commutes with the original complex structure of the ambient complex
manifold. The LCR-structure preserving transformations respect both complex
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structures of the ambient complex manifold. I will not continue into these
formalities. I simply want to point out that if we find a way to fix the metric,
then the connection γabc of this pseudo-complex structure is an adequate process
to provide a simple classification of the LCR-structures. The non vanishing
components of this connection are
γαβγ = g
αα˜ ∂βgγα˜ , γ
α˜
β˜γ˜
= gαα˜ ∂
β˜
gαγ˜ (4.3)
The covariant derivative is defined as usual
DaT b = ∂aT b + γbacT c , DaTb = ∂aTb − γcabTc (4.4)
and one can easily show that this covariant derivative annihilates the metric,
Dagbc = 0.
Flaherty has also showed that if the torsion of this connection T cab = γ
c
ba−γcab
vanishes, the complex structure is kaehlerian, d(Jµν dx
µ ∧ dxν) = 0, and the
vectors of the null tetrad are hypersurface orthogonal. This means that the
LCR-structure is trivial.
In the case of generic LCR-structures, we may use these covariant derivatives
to formulate the conventional classification scheme. We first write in structure
coordinates of both complex structures the unique generic extended metric g
ab
created from the unique generic tetrad implied by fixing the relative invariants
as in (2.6). We compute the Flaherty connection, the corresponding torsion and
curvature. Then we create all their covariant derivatives. All the scalars one may
construct with the multiplication of these covariant tensors, properly contracted
using the generic metric, are invariant relative to the LCR-structure preserving
transformations. These scalars permit us to distinguish non-equivalent LCR-
structures.
5 A PAIR OF 3-DIMENSIONAL CR STRUC-
TURES
From the forms of the four real relations (1.9), which define the totally real
submanifold of an 8 (real) dimensional complex manifold, we see that the LCR-
structure contains two 3-dimensional CR manifolds of the hypersurface type,
which have been extensively studied[4]. We will denote I+ the 3-dimensional
submanifold determined by the condition ρ11(z
α, zα) = 0 and I− the 3-dimensional
submanifold determined by the condition ρ22
(
zα˜, zα˜
)
= 0. We see that the
complex tangent spaces of these two CR manifolds coincide and they are spanned
by mµ∂µ and m
µ∂µ . This coincidence relation is implied by the complex con-
dition ρ12
(
zα, zα˜
)
= 0.
The classification of the 3-dimensional CR manifolds of the hypersurface type
have been extensively studied[4], using either the Moser or the Cartan approach.
In the present section I will study the importance of these two 3-dimensional
CR manifolds in the context of the LCR-structure, considering known these two
fundamental classification schemes.
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We start from a 3-dimensional CR structure ρ11(z
α, zα) = 0 and we build the
family of the CR structures implied by a parameter (w) dependent antiholomor-
phic transformation z′α˜ = f α˜(zβ ;w). Then removing the generic parameter w,
we find a complex relation ρ12
(
zα, zα˜
)
= 0 between the structure coordinates.
Hence the final output is the following LCR-structure
zα˜ = f α˜
(
zβ;w
)
ρ22
(
zα˜, zα˜
)
= ρ22
(
f α˜(zβ), f α˜(zβ)
)
= ρ11 (z
α, zα) = 0
ρ12
(
zα, zα˜
)
= 0
(5.1)
We see that this kind of LCR-structures have antiholomorphically equivalent
I+ and I− 3-dimensional submanifolds.
It is well known that we can find complex coordinates z0 = u + iU and
z0˜ = v + iV , such that the embedding real functions of the 3-dimensional CR
submanifolds take the form
i
(
z0 − z0
)
− 2U
(
u, z1, z1
)
= 0
i
(
z0˜ − z0˜
)
− 2V
(
v, z1˜, z1˜
)
= 0
(5.2)
Then we can define two characteristic coordinate systems of the embedable
LCR-manifold. The (u, v, z1, z1) implied by the (Frobenius) submanifold I+
and (u, v, z1˜, z1˜) implied by I−.
The pseudoconvex 3-dimensional CR structures are usually osculated with
the SU(1, 2) symmetric hyperquadric. But the LCR-structures with (ρ − ρ 6=
0 6= µ− µ) cannot be osculated by the SU(1, 2) symmetric surface(
ζ01 ζ11 ζ21
ζ02 ζ12 ζ22
) 0 0 −2i0 −1 0
2i 0 0
ζ01 ζ02ζ11 ζ12
ζ21 ζ22
 = 0
z0 = ζ
21
ζ01
, z1 = ζ
11
ζ01
, z0˜ = ζ
22
ζ02
, z1˜ = ζ
12
ζ02
(5.3)
which is not a LCR-manifold, because
dz0 ∧ dz1 ∧ dz0˜ ∧ dz1˜ |M= 0 (5.4)
We will see below that they are osculated by the characteristic boundary of the
SU(2, 2) classical domain.
6 SURFACES OF THE SU(2,2) CLASSICAL
DOMAIN
In section II we found that a general spacetime admits at most four geodetic
and shear free null congruences. Therefore it can be compatible with a limited
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number of LCR-structures. This limitation does not apply to spacetimes which
are flat up to a tetrad-Weyl transformation. From the twistor formalism[7] we
know that the LCR-structures, which are compatible with the Minkowski metric
are given by the following embedding functions
XmiEmnX
nj = 0
K1(X
m1) = 0 = K2(X
m2)
(6.1)
where the Ki(X
mi) are homogeneous functions, which we will call Kerr func-
tions. Apparently, instead of considering two different Kerr functions, one may
consider two different points of the same algebraic surface of CP 3. The 4 × 4
matrix Emn is the SU(2, 2) preserving matrix. These surfaces will be called flat
LCR-structures. The 4× 2 matrix
X =

X01 X02
X11 X12
X21 X22
X31 X32
 (6.2)
must have rank 2. Using the chiral representation of Emn
E =
(
0 I
I 0
)
(6.3)
and the notation
X =
(
λ
−irλ
)
(6.4)
for detλ 6= 0, the first relation of (6.1) takes the form
i(r† − r) = 0 (6.5)
That is the LCR-manifold is fixed without using the Kerr functions. This man-
ifold is the characteristic (Shilov) boundary of the SU(2, 2) classical domain or
a part of it. The Kerr functions determine the LCR-structures as CP 3 sections
on this precise manifold. They are in fact defined by two different points of an
algebraic surface of CP 3.
The following embedding functions
XmiEmnX
nj = Gij(Xmi, X
mj)
K1(X
m1) = 0 = K2(X
m2)
(6.6)
provide a formal osculation of a general LCR-structure with the Shilov boundary
of the SU(2, 2) classical domain.
Using the following spinorial form of the rank-2 matrixXmj in its unbounded
realization
Xmj =
(
λAj
−irA′BλBj
)
(6.7)
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and the null tetrad
La = 1√
2
λ
A′1
λB1σaA′B , N
a = 1√
2
λ
A′2
λB2σaA′B , M
a = 1√
2
λ
A′2
λB1σaA′B
ǫABλ
A1λB2 = 1
(6.8)
the above relations (6.6) take the form
ρ11 = 2
√
2yaLa −G11(Y m1, Y n1) = 0
ρ12 = 2
√
2yaMa −G12(Y m1, Y n2) = 0
ρ22 = 2
√
2yaNa −G22(Y m2, Y n2) = 0
(6.9)
where ya is the imaginary part of ra = xa + iya defined by the relation rA′B =
raσaA′B and σ
a
A′B being the identity and the three Pauli matrices. The surface
satisfies the relation
ya = 1
2
√
2
[G22L
a +G11N
a −G12Ma −G12Ma] (6.10)
which, combined with the computation of λAi as functions of ra, using the Kerr
conditions Ki(X
mi), permits us to compute ya = ha(x) as functions of the
real part of ra. In fact the normal form[1] of any totally real submanifold of
a complex manifold is ya = ya(x). The characteristic property of the LCR-
manifolds is that they can be considered as surfaces of the SU(2, 2) symmetric
classical domain with ya and xa related to the projective coordinates of the
chiral representation. Besides, ya(x) must satisfy the relation(
yaLa y
aMa
yaMa y
aNa
)
= 1
2
√
2
(
G11 G12
G12 G22
)
(6.11)
with the homogeneity factors of Gij properly fixed.
Notice that this surface may always be assumed to belong into the ”upper
half-plane”, because the tetrad may be arranged such that y0 > 0, but this
surface does not generally belong into the SU(2, 2) Siegel fundamental domain,
because
yaybηab =
1
4 [G11G22 −G12G12] (6.12)
is not always positive. The regular surfaces (with an upper bound) can always
be brought inside the Siegel domain (and its holomorphic bounded classical
domain) with an holomorphic complex time translation.(
λ′Aj
−ir′B′Bλ′Bj
)
=
(
I 0
dI I
)(
λAj
−irB′BλBj
)
(6.13)
which implies the transformation y′a = ya+(d, 0, 0, 0). An appropriate constant
d makes y′0 > 0 and y′ay′bηab > 0. Apparently this constant d is not uniquely
determined.
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The osculating form (6.6) preserves the SU(2, 2) group and vice-versa the
group preserves the LCR-structure. Hence the LCR-manifolds appear as tran-
sitive sets of the SU(2, 2) group, which we will now denote as Σ[SU(2, 2)]. In
a quantum field theoretic model, which is invariant under the LCR-structure
preserving transformations, the Σ[SU(2, 2)] sets will appear as multiplets of the
SU(2, 2) group, if the group is not spontaneously broken. The exact Poincare´
group is expected to emerge after an appropriate spontaneous breaking of the
SU(2, 2) symmetry. Therefore the sets Σ[Poincare´] may present special physi-
cal interest. Hence the LCR-manifolds, which are realizable as surfaces in the
SU(2, 2) classical domain are the ”particles” of the model and those which are
not realizable (if they exist) are the ”unparticles”.
6.1 Asymptotically flat LCR-manifolds
The osculation of the LCR-manifold with the Shilov boundary of the SU(2, 2)
classical domain, permits us to transfer the notion of ”asymptotically flat space-
times at null infinities” into the terminology of LCR-structures. Using the co-
ordinates t , r , such that
z0+z0
2 = u = t− r
z0˜−z0˜
2 = v = t+ r
(6.14)
we may consider that the gravitational content vanishes in the two limite-
surfaces J+ = {r→∞ , with zα const} and J− = {r→∞ , with zα˜ const}.
It is achieved if G11 = G22 = 0. Notice that these surfaces are always outside
the classical domain because (6.12) implies yaybηab < 0. The asymptotically
flat CR manifolds are invariant under the SU(2, 2) transformations, because
they preserve the conditions G11 = G22 = 0.
The term ”chiral” refers to the representation of E as the γ0 Dirac matrix
and should not be related (and it will not be related) to the Dirac equation.
The chiral representation of E gives the unbounded realization of the SU(2, 2)
classical domain. Its bounded realization is found using the following Dirac
representation of the invariant matrix
E =
(
I 0
0 −I
)
(6.15)
where the projective coordinates z are denoted by
Xmj =
(
λ
zλ
)
(6.16)
for detλ 6= 0. The two projective coordinates are related with
r = i(I + z)(I − z)−1 = i(I − z)−1(I + z)
z = (r − iI)(r + iI)−1 = (r + iI)−1(r − iI)
(6.17)
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Notice that the ”real axis” of the chiral representation does not cover all
the U(2) Shilov boundary of the Dirac representation. The two boundaries
J± are surfaces of U(2). J+ is[7] τ + ρ = π , (−π ≤ τ − ρ ≤ π), and J− is
τ − ρ = π , (−π ≤ τ + ρ ≤ π). This fact permits us to distinguish the LCR-
manifolds into periodic and non-periodic. The periodic manifolds are those
permitting the identification J+ = J− and they will be physically interpreted
as excitation modes. The non-periodic manifolds are solitonic configurations
according to the general rule.
The LCR-structures of the Minkowski spacetime are periodic, because all
the null geodesics are periodic[7]. The topology of the compactified Minkowski
spacetime turns out to be M# ∼ S3 × S1.
The Kerr-Newman LCR-manifold is a solitonic configuration because it is
not periodic. Around J+ the coordinates (u, w = 1
r
, θ, ϕ) are used, where the
integrable tetrad takes the asymptotic form
ℓ ≃ [du− a sin2 θ dϕ]
n ≃ [w2 du− 2(1 + 2mw)dw − aw2 sin2 θ dϕ]
m ≃ [iaw2 sin θ du− (1 + a2w2 cos2 θ) dθ−
−i sin θ(1 + a2w2) dϕ]
(6.18)
The physical space is for w > 0 and the integrable tetrad is regular on J+ up to
a factor, which does not affect the congruences, and it can be regularly extended
to w < 0. Around J − the coordinates (v, w′, θ′, ϕ′) are used with
dv ≃ du+ 2(1 + 2m
r
) dr
dw′ ≃ −dw , dθ′ ≃ dθ
dϕ′ ≃ dϕ+ 2a
r2
(1 + 2mr) dr
(6.19)
and the integrable tetrad takes the form
ℓ ≃ [w′2 dv − 2(1− 2mw′) dw′ − aw′2 sin2 θ′ dϕ′]
n ≃ [dv − a sin2 θ′ dϕ′]
m ≃ [iaw′2 sin θ dv − (1 + a2w′2 cos2 θ′) dθ′−
−i sin θ′(1 + aw′2) dϕ′]
(6.20)
The physical space is for w < 0 and the integrable tetrad is regular on J −
up to a factor, which does not affect the congruences, and it can be regularly
extended to w > 0. If the mass term vanishes the two regions J + and JJ − can
be identified and the ℓµ and nµ congruences are interchanged, when J+ (≡ J −)
is crossed. When m 6= 0 these two regions cannot be identified[7] and the LCR-
structure cannot be extended across J+ into J −, permitting the identification
these two boundaries.
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Notice that if the mass of a solitonic LCR-manifold is defined with this
asymptotic procedure and m > 0 , then it can be absorbed into the dimensional
coordinates and constants as follows
w = w˜
m
, u = mu˜ , a = ma˜
w′ = w˜
′
m
, v = mv˜
(6.21)
and it is factored out of the tetrad. This means that the mass parameter is a
relative invariant of the CR structure. That is only counts whether it vanishes
or not. Its precise value does not affect the structure.
6.2 The Poincare´ group
The asymptotically flat LCR-submanifolds of the classical domain, transformed
to each other through an SU(2, 2) transformation, have the same LCR-structure.
Therefore we will say that they belong into a surface representation of the
SU(2, 2) group, which we already denoted Σ[SU(2, 2)]. On the other hand, the
two boundaries J ± of the asymptotically flat LCR-manifolds are 3-dimensional
surfaces of the Shilov boundary, which meet at a point at spatial infinity. A
general theorem, valid for all classical domains, states that the automorphic
analytic transformations, which preserve a point of the characteristic boundary
in the bounded realization, become linear transformations in the unbounded
realization of the classical domain[?]. In the present case of the SU(2, 2) classical
domain these linear transformations form the [Poincare´]× [dilation] subgroup.
Therefore a vacuum configuration with a singularity at a point in the Shilov
boundary will cause spontaneously breaking of the conformal group SU(2, 2)
down to its [Poincare´]× [dilation] subgroup.
The set of the transferred into the classical domain asymptotically flat LCR-
submanifolds, which transform between each other through a Poincare´ trans-
formation have the normal form
ya = ka + ha(x)
kakbηab = m
2
(6.22)
with the ”momentum” ka characterizing each element of the set Σ[Poincare´].
The positive constant m is fixed by the condition
m = max
Σ[P ]
(√
(hi)2 − h0
)
(6.23)
That is, the ”mass” m of an asymptotically flat set Σ[Poincare´] is defined to be
the minimal value of d of (6.13), that transfers all the elements of Σ[Poincare´]
inside the classical domain.
The emergence of the Poincare´ group is crucial for the effective description
of the dynamics of static solitons in the quantum cosmodynamic model[9]. The
unitary representation of the set Σ[Poincare´] is a free quantum field Ψ(x) which
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satisfies the scalar, spinorial or vector field equations depending on the spin of
the soliton. The quantum representation of the Kerr-Newman type soliton (1.15)
has to satisfy the following Dirac equation(
γa(i ∂
∂xa
− ha)−m
)
Ψ(x) = 0 (6.24)
because it is already known that its gyromagnetic ratio is fermionic. Notice
that the effective field representation Ψ(x) incorporates the solitonic form factor
ha(x) through the above equation. In the vanishing form factor approximation,
the Kerr-Newman satisfies the ordinary Dirac equation. Therefore the quantum
cosmodynamic model may formally generate current quantum field theories as
effective theories. On the other hand non-static LCR-manifolds with appro-
priate behavior at t → ±∞ describe the interaction of the asymptotic static
LCR-manifolds. Therefore it is very interesting to find all the regular static
axially symmetric LCR-manifolds.
6.3 Complex trajectory emergence from LCR-manifolds
Newman[6] has shown that in each 3-dimensinal CR-manifold the Kerr function
may be replaced with a complex trajectory ξA′B(τ ) = ξb(τ )σ
b
A′B , where τ
is a complex parameter. In the present formalism, the Newman procedure is
transcribed by considering the following parametrization of Xmi
Xmi =
(
λAi
−iξiA′B(τ i)λBi
)
(6.25)
Its combination with (6.7) implies that the complex parameters τ i are deter-
mined via the conditions det[rA′B − ξiA′B(τ i)] = 0 , which assure that the two
linear equations [rA′B − ξiA′B(τ i)]λBi = 0 admit non-vanishing solutions. The
variables τ1,
λ11
λ01
, τ2,
λ12
λ02
may be considered as structure coordinates of the
embedable LCR-structure. Hence the trajectories appear as moduli parameters
of the LCR-structures.
In the general case we need two complex trajectories for each LCR-structure.
But, notice that we may have one complex trajectory with two solutions. In
this possibility the LCR-surface of the Grassmannian manifold may be viewed
as a ”moving particle” with an intrinsic complex component. One can easily
prove that the quadratic Kerr polynomial
Z1Z2 − Z0Z3 + 2aZ0Z1 = 0 (6.26)
is implied by the trajectory ξb(τ ) = (τ , 0 , 0 , ia).
7 EXAMPLES OF SYMMETRIC LCR-MANIFOLDS
In order to better understand the LCR-manifolds, we have to work with special
cases. We will work with the SU(2, 2) osculation, which contains the physically
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interesting Poincare´ transformations, but analogous approaches can be applied
to the other subgroups of SU(2, 2).
In a quantum model, the LCR-structure solutions Xmi(x) correspond to
quantum states. If the SU(2, 2) group is not spontaneously broken, the transfor-
mations of Xmi(x) generate a group representation in the corresponding Hilbert
space of the states of LCR-manifolds. This representation includes eigenstates
of the three commuting generators of the SU(2, 2) group. These eigenstates
remain invariant under the transformations along the corresponding generators.
This implies that the eigenstates ”LCR-manifolds” will correspond to solutions
of the symmetric conditions (6.6). Therefore we will look for asymptotically flat
LCR-manifolds which satisfy conditions symmetric relative to time-translation,
rotation and scale transformations.
The time translation transformation is
δXmi = iǫ0[P0]
m
n X
ni (7.1)
where Pµ = − 12γµ(1 + γ5). In the chiral representation, we have
δX0i = 0 , δX1i = 0
δX2i = −iǫ0X0i , δX3i = −iǫ0X1i
(7.2)
The rotation transformations around the z-axis is
δXmi = iǫ12[Σ12]
m
n X
ni (7.3)
where Σµν =
1
2σµν =
i
4 (γµγν − γνγµ). Then we have
δX0i = −i ǫ122 X0i , δX1i = i ǫ
12
2 X
1i
δX2i = −i ǫ122 X2i , δX3i = i ǫ
12
2 X
3i
(7.4)
Taking into account that the algebraic surfaces of CP 3 are locally deter-
mined by polynomials (Chow’s theorem), we will investigate quadratic poly-
nomial surfaces, which remain invariant under the above transformations. The
two solutions of the quadratic polynomial will determine the coordinates zα and
zα˜ respectively. I actually found the following two invariant quadratic surfaces
CASE I : Z1Z2 − Z0Z3 + 2aZ0Z1 = 0
CASE II : Z0Z1 = 0
(7.5)
I will first consider the surface of CASE I. In this case the convenient struc-
ture coordinates are
z0 = iX
21
X01
, z1 = X
11
X01
, z0˜ = iX
32
X12
, z1˜ = −X02
X12
(7.6)
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which under time translation and z-rotation transform as follows
δz0 = ǫ0 , δz1 = 0 , δz0˜ = ǫ0 , δz1˜ = 0
δz0 = 0 , δz1 = iǫ12z1 , δz0˜ = 0 , δz1˜ = −iǫ12z1˜
(7.7)
I found the following invariant LCR-surface
z0 = (t− r) + iU , z0˜ = (t+ r) + iV
U = −2a z1z1
1+z1z1
, V = 2a z
˜˜
1z
˜˜
1
1+z
˜˜
1z
˜˜
1
z1˜ = r+ia
r−iae
2if(r) z1
(7.8)
where f(r) is an arbitrary real function, and f(r) = 0 gives a flat LCR-structure.
These are not the most general invariant LCR-manifolds. The additional con-
dition U + V = 0 has been assumed. A simple investigation shows that this
LCR-manifold is (in different coordinates) the static solution (1.15) found in sec-
tion II using the Kerr-Schild ansatz. One may easily compute the corresponding
tetrad up to their arbitrary factors N1, N2 and N3.
ℓ = N1[dt− dr − a sin2 θ dϕ]
n = N2[dt+ (
r2+a2 cos 2θ
r2+a2 − 2a sin2 θ dfdr )dr − a sin2 θ dϕ]
m = N3[−ia sin θ (dt− dr) + (r2 + a2 cos2 θ)dθ + i(r2 + a2) sin θdϕ]
(7.9)
where z1 = tan θ2 e
iϕ. The corresponding projective coordinates ra are found
using the relations
r0 − r3 = r0′0 = iX21X12−X11X22X01X12−X11X02 = z
0+(z0˜−2ia)z1z1˜
1+z1z1˜
−r1 + ir3 = r0′1 = iX01X22−X21X02X01X12−X11X02 = (z
0−z0˜+2ia)z1˜
1+z1z1˜
−r1 − ir3 = r1′0 = iX31X12−X11X32X01X12−X11X02 = (z
0−z0˜+2ia)z1
1+z1z1˜
r0 + r3 = r1′1 = i
X01X32−X31X02
X01X12−X11X02 =
z0˜+(z0+2ia)z1z1˜
1+z1z1˜
(7.10)
The dilation transformation is
δXmi = −iǫ[D]mn Xni (7.11)
with D = − i2γ5. Then we have
δX0i = − ǫ2X0i , δX1i = − ǫ2X1i
δX2i = ǫ2X
2i , δX3i = ǫ2X
3i
(7.12)
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and subsequently
δz0 = ǫz0 , δz1 = 0
δz0˜ = ǫz0˜ , δz1˜ = 0
(7.13)
We find that the condition of scale invariance makes the static LCR-manifold
completely trivial with a = 0 and f(r) = const. This indicates that the static
LCR-manifold cannot be a state in a Hilbert space with non-broken scale in-
variance.
We will now consider the CASE II (degenerate) algebraic surface Z0Z1 = 0
which implies the conditions X11 = 0 = X02. In this case the convenient
structure coordinates are
z0 = iX
21
X01
, z1 = X
31
X01
, z0˜ = iX
32
X12
, z1˜ = X
22
X12
(7.14)
which transform as follows
δz0 = ǫ0 , δz1 = 0 , δz0˜ = ǫ0 , δz1˜ = 0
δz0 = 0 , δz1 = iǫ12z1 , δz0˜ = 0 , δz1˜ = −iǫ12z1˜
(7.15)
under time translation and z-rotation. I found the following invariant LCR-
surface
z0 = u = t− r , z0˜ = v = t+ r
z1˜ = f(r) z1
(7.16)
where f(r) is an arbitrary complex function. One may easily compute the
corresponding tetrad up to their arbitrary factors N1, N2 and N3.
ℓ = N1du
n = N2dv
m = N3[−z1 dfdr dv + 2fdz1]
(7.17)
Computing the differential forms of this tetrad we find that the ℓ and n relative
invariants vanish. Hence these LCR-structures cannot be equivalent to those of
the CASE I.
The dilation transformation of the new structure coordinates is
δz0 = ǫz0 , δz1 = ǫz1
δz0˜ = ǫz0˜ , δz1˜ = ǫz1˜
(7.18)
We find that the condition of scale invariance makes this LCR-manifold com-
pletely trivial too with f(r) = const. This indicates that the static LCR-
manifold cannot be a state in a Hilbert space with non-broken scale invariance.
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We will now consider stationary configurations Xmi which move with the
light velocity. Then Xmi satisfy the relations
δXmi = i
ǫ
2
[P0 + P3]
m
n X
ni (7.19)
which imply
δX0i = 0 , δX1i = 0
δX2i = 0 , δX3i = −iǫX1i
(7.20)
In this case the most general quadratic polynomial, which is invariant under the
above transformations is
(bZ0 + Z2)Z1 = 0 (7.21)
The two solutions are X11 = 0 and X22 = −bX02. In this case we cannot
use the (7.14) definitions of the structure coordinates. Instead we may use the
following structure coordinates
z0 = iX
21
X01
, z1 = −iX31
X01
, z0˜ = iX
32
X12
, z1˜ = X
02
X12
(7.22)
Then they transform as follows under the above (7.20) and the z-rotation (7.4)
transformations
δz0 = 0 , δz1 = 0 , δz0˜ = ǫ , δz1˜ = 0
δz0 = 0 , δz1 = iǫ12z1 , δz0˜ = 0 , δz1˜ = −iǫ12z1˜
(7.23)
The asymptotic flatness conditions imply the following LCR-manifold
U = 0 , V = bz1˜z1˜
z1˜ = f(u) z1
(7.24)
with b a real constant and f(u) an arbitrary complex function. One may easily
compute the corresponding tetrad up to their arbitrary factors N1, N2 and N3.
ℓ = N1du
n = N2[dv + ib(f
′f − f ′f)z1z1du+ ibff(z1dz1 − z1dz1)
m = N3d(fz
1)
(7.25)
Computing the differential forms of this tetrad we find that the relative invari-
ants, which correspond to ℓ and m forms, vanish.
The dilation transformation of the new structure coordinates is
δz0 = ǫz0 , δz1 = ǫz1
δz0˜ = ǫz0˜ , δz1˜ = 0
(7.26)
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We find that the condition of scale invariance makes this LCR-manifold com-
pletely trivial too (with b = 0). This indicates that this stationary LCR-
manifold cannot be a state in a Hilbert space with non-broken scale invariance
too.
In section III, we saw that regularity of the compatible class of metrics
restricts the number of sheets up to four. Hence regular gravitational content
is expected to be derived from up to four degree Kerr polynomials. Looking for
static axially symmetric four degree polynomials, I found only some degenerate
ones. These cases seem to exhaust the static and stationary axially symmetric
LCR-manifolds, which could correspond to ”stable particles” at the quantum
level.
Apparently the next step was to look for non-static axially symmetric LCR-
manifolds, which could correspond to ”unstable particles”. This turned out to
be too complicated.
8 ON GEOMETRIC QUANTIZATIONOF LCR-
MANIFOLDS
The 4-dimensional LCR-manifolds are totally real submanifolds of an 8(real)-
dimensional complex manifold. In the present section I will describe a class
of Kaehler metrics which is reduced to the class of lorentzian metrics in the
manifold. Besides, the LCR-manifolds are lagrangian submanifolds to the cor-
responding symplectic manifold. These two properties suggest to consider the
ambient complex manifold as the phase space of the LCR-manifold and look for
possible applications of the geometric quantization[10].
It is well known that the phase space of a free particle is the cotangent
bundle of a 4-dimensional space with the symplectic form
ω = dpa ∧ dqa = d(padqa) (8.1)
Considering the vertical polarization with leaves qa = const , the geomet-
ric quantization generates a Hilbert space of square-integrable functions ψ(q),
where the operators are
q̂a = qa , p̂a = i~
∂
∂qa (8.2)
The hamiltonian h = ηabpapb describes the submanifolds which preserve the
Poincare´ representations with a given mass. These are the particle trajectories
in the phase space. The eigenvector equation of the quantized hamiltonian ĥ is
the Klein-Gordon equation. The corresponding quantum scalar field describes
the Poincare´ representation in the precise Hilbert space.
We may define the complex coordinates ra = qa+iηabpb. Then the symplectic
form becomes
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ω = −i2 ηabdr
a ∧ drb = i ∂2S
∂ra∂rb
dra ∧ drb
S = (r
a−ra)(rb−rb)ηab
4
(8.3)
The phase space is a Kaehler manifold and the corresponding complex polar-
ization is not positive definite.
In the ambient complex manifold of a general LCR-structure (1.9), I consider
the following Kaehler metric and corresponding symplectic form
ds2 = ∂
2S
∂za∂zb
dzadzb , ω = i ∂
2S
∂za∂zb
dza ∧ dzb
S = A2ρ11ρ22 −B2ρ12ρ12
(8.4)
where A and B are arbitrary non vanishing functions of the structure coordi-
nates. Using the derivation relations (1.11) of the tetrad of the LCR-structure,
we find that the induced metric belongs to the class of compatible metrics.
Besides the symplectic form ω vanishes on the LCR-submanifold. Hence this
submanifold is lagrangian relative to this class of symplectic forms. In fact I
considered the precise Kaehler metric in order the LCR-manifold to become la-
grangian submanifold of the ambient complex manifold. My ultimate goal is to
apply geometric quantization with a polarization induced by the LCR-manifold.
But first we must find a way to fix the Kaehler potential S.
The osculation (6.6) of the LCR-manifolds imply that the Kerr functions pro-
vide a holomorphic expression of the CR structure coordinates za = fa(rb) rel-
ative to the projective coordinates of G2,2. These holomorphic transformations
do not preserve the lorentzian character of the CR-structure, but they reveal
the Poincare´ transformations and they permit us to apply the unique canonical
form ya = ha(x) of the CR-manifold. Therefore we can make the holomorphic
transformation from the structure coordinates za to the G2,2 grassmannian pro-
jective coordinates ra. Taking into account that the defining conditions of the
LCR-manifold can always be locally written[1] as ρij = e
(ij)
a (ya−ha) the Kaehler
potential takes the form
S = (ya − ha(x)) (yb − hb(x)) γab (8.5)
where γab contains the arbitrary functions A(x, y) and B(x, y). Notice that in
the vanishing gravity approximation ha(x) ≃ 0, the assumption γab = ηab gives
the particle phase space. But in the general case the formalism becomes too
complicated. The natural foliation xa = const of the ambient complex manifold
is not generally a polarization. On the other hand, the complex polarization is
not generally quantizable because the scalar product
(Φ,Ψ) =
∫
ΦΨe−Sωn (8.6)
is not generally an integrable quantity (S is not positive). A solution to this
problem could be the possibility to holomorphically transfer the LCR-manifolds
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inside the SU(2, 2) classical domain, which would permit us to restrict the
integration to a finite region of C4. But I have not yet found a way to choose
a physically interesting regular Kaehler potential S. Concluding this section, I
want to point out that the flat spacetime case (8.3) indicates that S should be
related to the Bergman kernel of the domain bounded by the LCR-manifold.
9 TOWARDS A LCR STRUCTURE QUAN-
TUM FIELD THEORY
The path integral quantization gives the state Ψ(x′′, t′′) at time t′′
Ψ(x′′, t′′) = e−
i
ℏ
(t′′−t′)HΨ(x′′, t′) =
∫
dx′ K(x′′, t′′;x′, t′) Ψ(x′, t′)
K(x′′, t′′;x′, t′) =
x(t′′)=x′′∫
x(t′)=x′
[dx(t)] eiI[x(t)]
(9.1)
as the functional integral over all the trajectories in the time-interval (t′, t′′).
In the case of a 2-dimensional generally covariant QFT (like the Polyakov
string action) the integration is performed[5] over the fields Xµ(x, t) and the
2-dimensional surfaces M with ”initial” Bi and ”final” Bf boundaries.
Ψ(Bf , t
′′) = e−
i
ℏ
(t′′−t′)HΨ(Bf , t′) =
∑
topol
∫
[dBi] K(Bf , t
′′;Bi, t′) Ψ(Bi, t′)
K(Bf , t
′′;Bi, t′) =
∫
∂M=Bi∪Bf
[dM ][dφ(x)] eiI[φ(x)]
(9.2)
where we sum over the topologies of the 2-dimensional surfaces. General 2-
dimensional covariance implies H = 0. The recent interest to String Field
Theory gave a strong push to the systematic study of functional integrals over
(2-dimentional) Riemann surfaces. Integration over simple surfaces with one
boundary cycle provide the vacuum and the string states in the Schrodinger
representation. Integration over complex structures on the simple cylinder gives
the first approximation to the string propagator, while the addition of handles
provide the ”loop-diagrams”. The splitting of a cylinder-like 2-dimensional sur-
face into two cylinder-like surfaces (”pair of pants” string diagram) is viewed
as the fundamental coupling constant in String Quantum Field Theory. The
corresponding splitting of the string modes is considered as the emission of two
new strings by the original string.
Using the properties of the functional integrations (path integrals), Segal
created an axiomatic formulation of 2-dimensional Conformal Field Theory. Fol-
lowing analogous steps, Atiyah created an axiomatic formulation of the Topo-
logical Quantum Field Theories. The purpose of this section is to show that
analogous properties exist in the present model, which could lead to a LCR-QFT
description of the LCR-manifolds
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In the present case, we have the following kernel
K(Bf , t
′′;Bi, t′) =
∑
topol
∑
rel.inv.
∫
∂S=Bi∪Bf
[dµ(LCR)][dAjν ] e
iIG[e
a
ν , Ajν ]
(9.3)
where the functional integrations [dµ(LCR)] and [dAjν ] are performed over the
LCR-manifolds with initial and final boundaries, and the gauge field connections
respectively. The measure of the LCR-stuctures moduli space is found using the
integrability conditions on the tetrad and the Faddeev-Popov technique applied
to the remaining local symmetries (diffeomorphism and tetrad-Weyl transfor-
mation). The summation includes now the LCR-structure relative invariants in
addition to the topologies, which are not covered by the functional integration.
General 4-dimensional covariance implies H = 0.
In the case of the String Field Theory, the functional integral of the Polyakov
action over the annulus surfaces (the cylinder-like 2-dimensional surfaces with
two circles Xµi (σ) and X
µ
f (σ) as boundaries) provide the first approximation
of the string propagator. In the present case the functional integration over
the LCR-manifolds with two 3-dimensional boundaries Bi and Bf , provide
the possible propagators with prescribed initial and final surfaces with given
tetrads e
(i)a
µ , e
(f)a
µ and connections A
(i)
jµ , A
(f)
jµ . The present model is much
richer than the string model. Besides the gauge field modes, which replace the
string modes, there are the initial and final CR-structures. On the other hand
the sewing of LCR-manifolds seems to be very complicated in distinction to
the ”simple” sewing methods of the Riemann surfaces. I do not actually know
any systematic mathematical construction/classification of LCR-manifolds from
simple ”building blocks”, like the cylinder in the Riemann surfaces. Therefore
we need some ”physical intuition” as starting point.
In order to get a physical picture, recall the Einstein-Infeld-Hofman (EIH)
approximation method for the derivation of the equations of motion of two
bodies. A body is considered as the gravitational field concentrated inside a
4-dimensional ”world tube”. In the proper EIH approximation, this is approx-
imated with a singularity, while the Fock-Papapetrou approximation considers
regular configurations. The interacting two bodies are viewed as approaching
”world tubes”, where the Bianchi identity is applied with an appropriate def-
inition of the body mass. The essential difference is that here we consider as
independent physical variable the (regular) LCR-structure and not the metric
of the manifold. That is, we consider the class of metrics [gµν ] determined by
the LCR-structure and not each distinct metric. The splitting of a ”world tube”
into two ”world tubes”, describes the fundamental interactions of the model.
The 3-dimensional CR-structures of Bi and Bf restrict the set of integrated
LCR-manifoldsM to those which admit a ”collar” neighborhoodBf×[0, 1]. This
4-dimensional ”collar” is necessary to achieve the appropriate sewing of LCR-
manifolds in the definition of the scalar product in the corresponding Hilbert
space. Hence we need a ”time”-variable, which will be defined below.
We already know that a realizable LCR-manifold can be embedded into the
SU(2, 2) classical domain, where (in its unbounded realization) we can define
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a special coordinate system xa = Re(ra), which properly transforms under the
Poincare´ group. Hence we have a time variable to describe the evolution of the
embedded 4-dimensional LCR-manifold into the Siegel domain.
The simplest partition function is given by the integration on LCR-structures
over the closed U(2) manifold. The corresponding Siegel ”real axis” covers the
half of the U(2) manifold. One can easily see it, using the following transfor-
mation between the bounded Cartan domain and the unbounded Siegel ”upper
half-plain” domain
r = i(1+ z)(1− z)−1 = i(1− z)−1(1+ z)
z = (r − i1)(r + i1)−1 = (r + i1)−1(r − i1)
(9.4)
On the boundaries, it takes the form
t = sin τcos τ − cos ρ
x+ iy = sin ρcos τ −cos ρ sin θ e
iϕ
z = sin ρcos τ − cos ρ cos θ
(9.5)
where t, x, y, z are the R4 coordinates and τ , ρ, θ, ϕ are the U(2) coordinates
U = eiτ
(
cos ρ+ i sin ρ cos θ i sin ρ sin θ e−iϕ
i sin ρ sin θ eiϕ cos ρ− i sin ρ cos θ
)
=
= 1+r
2−t2+2it
[1+2(t2+r2)+(t2−r2)2]
(
1 + t2 − r2 − 2iz −2i(x− iy)
−2i(x+ iy) 1 + t2 − r2 + 2iz
) (9.6)
Notice that the limit t → ±∞ with constant x, y, z is the point U = 1. Hence
a state-operator correspondence
ΨΦ(Bf , t) =
∑
topol
∑
rel.inv.
∫
∂M=Bf
[dµ(LCR)][dAjν ] e
iI[eaν , Ajν ]Φ(−∞) (9.7)
seems to exist in this model, like in the 2-dimensional conformal models. The
limit r → ∞ with constant t, θ, ϕ is the point U = −1. The limit t → ∞ with
constant structure coordinates zα, α = 0, 1 is the 3-dimensional CR-manifold
(the Penrose scri+ boundary) and the limit t → −∞ with constant structure
coordinates zα˜, α = 0, 1 is another 3-dimensional CR-manifold (the Penrose
scri- boundary)[7]. If these two boundaries are identified, the LCR-structures
are restricted to the periodic ones. But there are LCR-stuctures, like the mas-
sive Kerr-Schild one, which are not periodic. Therefore these LCR-manifolds
with two boundaries seem to be the intuitive building blocks of the interac-
tion picture in the present cosmodynamic model. The initial and final ”collar”
neighborhoods should be static axially symmetric LCR-manifolds. I have not
yet been able to compute the partition function in any manifold.
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